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Background

At Omaha2020, Moles gave Artin-Schreler presentations for all
nonabelian Galois extensions of degree p*.

| will give Artin-Schreler presentations for Galois extensions of
degree p° and p® with maximal nilpotency class.




The “Generalized Heisenberg” group

Heisenberg group:
(O-1,0'2,0'3 : [0-210-1] — O-3>

Generalized Heisenberg group:
H(p,n) = {0y, ..,0n * [0y, 01] = 0141 (2 < T < n))

These H(p,n) groups appear in [Jam80] as
D, (13), @5 (1), Py (1°), and D, (1°).




Groups of Interest

Groups of order p> and p® (p = 7) with maximal class [Jam80]:
Dg(1°) =0y, .., 05: [0y, 01] = 041 (2 i < 4))

D,,(1%) = (0y, ...

D, (1°) = (ay, ...
D3 (1%) = (ay, ...
®5-(1%) = (ay, ...
®,5(1°) = (01,
D36(1°) = (0, ...

,05 ¢ |0y,01] = 0444,10,,03] = 05 (2 <0< 4))

, 0 |07, 01
, 06 [0y,04]
, 0 |0y, 01
,0¢: [07,04]
,06: o}, 01]

= 0j41 (21 <5))
= 0i41,102,03] = 0 (2 <1 <5))
= 0i+1, :0-3; 0-4: — [0-4; 0-2] — [0-5, 0-2] = Og (2 <i< 4))

= 0i41,102,03] = J5_106» loz,04] =06 2<i < 5))

= 0;,1,103,0,] =04,0,] =l05,0,] = 0¢,10,,03] =05 (2<i <4)) *

Since p = 7, each generator has order p.
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Groups of Interest

James published The Groups of Order p°(p an odd prime) in 1980,
with

®34(1°) = {0y, ..., 05 : [0;,01] = 0,41, [03,04] = [04,0,] = [05,0,] = 04,[0,,03] = 05 (2<i <4))

Newman et. al. published Presentations for Groups of Order p® for
p = 71n 2023, with

D,4(1°) = {0y, ...,0¢: [0y, 01] = 0;11,[03,04]1 = [04,0,] = [0,,0:] = 0g,[0,,03] = 05 (2 <i < 4))

This has a slight effect on my presentation of ®,4(1°) as a Galois
group.




Groups of Interest

« Dy(1°) = H(p,5)

* CI)10(15)/<05> ~ H(p,4)

+ ®35(1°) = H(p, 6)

o+ D34(1°)/(0g) = Dy (1°)

.« D3,(1°%)/(06) CI)9(15)

o+ D35(1°%) /{06) = cI)lO(ls)
¢39(16)/<06> CI)10(15)-

Q
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Artin-Schreier Theory

Let ¢ = Gal(N/K), where N has characteristic p, and denote
9 (x) = xP — x. Consider an extension M /K with degree n and an
elementary abelian Galois group:

Gal(M/K) = (04, ...,0n:0; € G,0; = 1)

Cp

Q

« Then M = K(aq4, ..., a,) Where a; satisfy the irreducible Artin-
Schreier polynomials g(a;) = p; for 8; € K.

Also, (o; — 1)a; = 0 fori = j and WLOG (0; — 1)a; = 1. So, we
J




Generalized Heisenberg group

Let G = H(p,n) = Gal(N/K). Notice G /{o,) = C}}~*, so N°n is a
Galois extension, which we call M. Then M = K(a,) and

* 80(6(1) =7Y1 € K, SO(CZL') — :Bi EM (l c {2,...,77,})
* (0'1 — 1)“1 =1, (O'i — 1)6(] — 6ij' (O'i — 1)051 =0 (l,_] S {2, ...,Tl})

We want to find (g; — 1)«;, then write g (a;) in terms of constants
In K.




Generalized Heisenberg group
Group actions:

(0 —Da;=a;, B3<i<n)
(0; — Da; = 6;; (i, j otherwise)

Artin-Schreier polynomials:

o #(a;) =y, €K
a
P(a;) = 2 Yi-m (ni) ViEK(2Z<i<n)

m=0




Using Additive Hilbert’s Theorem 90

Let N/K be a Galois extension with Gal(N/K) = G and H normal in G. Set M =
N and consider the generators of N/M, namely a4, ..., @, suchthat N =
M(ay, ..., a;) for some k. Given 0 € G/H and some a;, then (6 — 1)a; = A €

N and M /M? is a cyclic extension.

Consider B € N suchthatA — B € M. Thenby AHT90, if Try/ys(A — B) =0,
there is some a; € N such that

* (t—1Da; =(t—1)a; forallT € H,

« 9o(a;) € Lwhen p(a;) €L

Then we can replace the generator a; with ;" and (¢ — 1)a;" = B. Also, we
maintain previous group actions.
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Example: Classifying ®34(1°)
Let G = P34(1°) = {0y, vy Og - [0y, 01] = 0341,102, 03] = 0¢) =
Gal(N/K) for 2 < i < 5. Notice (g3, ..., 05) = Cﬁ and normal In G, so

G /{03, ..., 0¢) is a Galois group. Let M = N*'9s--% and construct the
A-S polynomials:

With the following group actions:

(O'i — 1)C(] — 511 (l,] (S {1,2} or l,] (S {3, ,6})




Example: Classifying ®34(1°)

Since G/{o;) =~ ®4(1°) = H(p,5), we have the following group
actions and polynomials:

(o —Da; =a;_, (3<i<5)
(o; — Da; = 6;; (i,j € {1, ...5} otherwise)

l. #(a) =y, EK
a
P(a;) = 2 Yi-m (n;[)» Vi €EK(2<=<i<)5)




Example: Classifying ®34(1°)

Group Actions: g, on a

e Let (0, — 1)a, = A,. Since g,, 05,0, cCOmmute with o,, A, € N {04.05,06)

¢ Apply [0-2,0-3] = Og to a6 o get (0-3 — 1)(142 + C{3) =0

* Since a; € N{9+959%) e have A, + a; € N{93:94940) =

¢ NOtICe TrM/MO'Z (AZ + a3) — O By AHTQO (0-2 - 1)“6 — _a3




Example: Classifying ®34(1°)

Group Actions: g; 0on ay

e Let (0, — 1)ag = A,. Since |oy,0,] =1, A; € N%

* Apply [o5,01] = 06 10 a6 t0 get (o5 — 1)(A; —as) =0

» Since as; € N%,A; — as € N{95%)

« Apply [0,,0,] = 0 and [o3, 0,] = 0, 10 ;. Since ay € N{739495) A, € N{(73:94)
» Since ag € N394} A, — ax € N{93:94956)

* Apply [03,01] = 05 to a6 to get (o, — 1) (Al + (0;2)) =0
- Since a, € N{939495%) and ag € N'2), A; — ag + (%) € N{9293.94959%) = K (a,)

o NOtice TrK(al)/K (Al — U + (aZZ)) = (. By AHTQO, (0‘1 — 1)&6 = Qs — (6(22)
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Example: Classifying ®34(1°)

Artin-Schreier Polynomials: go(ay)

* IS alinear map that commutes with every generator, so

(o1 — Dp(ag) = plas) — gj((”g)) 5 + Yap + ;(' ) + "2( %) — Yoty — (’f)

((fg — 1),_(;(}((_1’](5) = —5’-.')((,1'3) = —73 — 720X,

» Since (o; — 1)(7) = ((,) and o fixes a,,

((Il — 1)(55)((_1{[;) -+ (( 1'22) — )fll — Y 1(”1) Y g(”l) ,z(”l) -+ "}"’2(_11'2(_11'1) = ()
* Next, compute (o, — 1) of the above element:

(02 = (plae) +((3) =) = 7(5) —73(5) —22(%) +rza2a) = =7




Example: Classifying ®34(1°)

Artin-Schreier Polynomials: go(ay)
(09 — 1) (p(ag) + ((’E"’) — V5 )1 — Ya (”2‘) — Y3 (%‘) — Y9 ((’:',"11) + Youary + Y3ra) = 0

* g, and o, fix an element in M, so this element equals some y, € K:
4
(2 (( _'lf'f-;) — Z Y6—m ((:r:) + (Af;) 1 + Yovoxy + Y3v2 = Vg

1r=I()

* This gives us our re4maining Artin-Schreler polynomial:

o (ag) = Z Y6—m (C:;) + ()/22) a; +y,a,a1 + Y3, y; €K
m=0
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Overview

« ®,-(1°) is very similar to @, (1°), except (o3, ..., 0¢) is not normal
in ©5-(1°), while (4,0, 0¢) is

« O,5(1°) and P54(1°) are similar to @5, (1°) and @5, (1°),
respectively, except ®,.(1°)/(o,) = ®,,(1°)/{c,) =~ ©o(1°), while
(D38(16)/<06> ~ CI)39(16)/(06> ~ @10(15)

* Since ®,4(1°) and ®,4(1°) both require ®,,(1°), so we need one
more classification




Classifying @44(1°)
Let G = ®,((1°) = (o, ... : [0y, 01] = 041,02, 03] = 05) = Gal(N/K) for

2 <i < 4. Notice (03,04, 05) Cg and normal in G, so G/{03,04,0c) IS @
Galois group. Let M = N(9394 4.05) and construct the A-S polynomials:

go(ai)e M(3S1S5), SO(CZL):)/IEK(lglg 2)

With the following group actions:
(O'i—l)ai=0 (3Sl§51§]§2)
(—1)6(]_5U (l]E{lZ}OT‘l]E{3 })
Since G/(os) = H(p,4), we have additional group actlons and
polynomials.




Classifying @44(1°)

Group actions:
(01 — Das = a, — (0;2) (o —Da;=a; 1 3<i<4)

(0, — Das = —a; (0; — Da; = 6;; (i,j otherwise)

Artin-Schreier polynomials:
i_ZSO(%) =7 €K

pa)= ) vim(,}) @<i<n

$(as) = 2 Y5-m (C:;) - (622) Xy — V20,0, — Y33




Comparing Group Actions of p® Galois groups

CD36(16): CI)37(16)1 (I)38(16): C1339(16)1

(o1 — 1)y = a1,

(E'.Tl 1)(.};{5 — (X5 (ZE),

((’.Tg ]_)(.};'ﬁ — (¥3.
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Comparing A-S Polynomials of p® Galois groups

4
q)36 (1 6) : 5;')((}:'5) — Z Y6—m (?r:) } 5;')( (ﬁ;) )(_}; 1 1 Y3t = Z Y6—m ({;_i ) | (ﬂ;) xqp 1 5;'}'((}:'3) (¥

rr—1() m=—I)

B, (10):  9las) = (v — 123 + Y502 + naa2) + (— a3 + uee + ez — (3))a
(w0 + w02 + 3002~ — (3)) (2) + (+ 70— 33) (%),

D, (1°): - | N o |
sa(1”) plag) = Z Yo-m (o) + (5)ar — (5) (%) + (3 —ya)az + (v2 — )iz — 3 (% ) as

m=I()

~ ~ ! e ! ~ a1 ] Fa Ty ' ! 5 i’ll+l ] f ﬁl+1
@39(16) nf, = Yg Y403 Y3(X (X3 ,-g(g)r}:g b ysaee ,-4((_},1 l)ﬂ“g 1 r“{( 5 )(}g f ’;3( % )n»

()t Daz —7(5) +7(3) + (F)az = ((5) + () — (23(5)(3)

t\-'..[\..-

j-. .
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Next steps

 Simplify polynomials
* Find connections between Galois group presentations
* Find explicit relation between commutators and group actions




Thank you for your attention!
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