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Background

At Omaha2020, Moles gave Artin-Schreier presentations for all 
nonabelian Galois extensions of degree 𝑝4.
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I will give Artin-Schreier presentations for Galois extensions of 
degree 𝑝5 and 𝑝6 with maximal nilpotency class.



The “Generalized Heisenberg” group
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Heisenberg group: 
𝜎1 , 𝜎2 , 𝜎3 ∶ 𝜎2 , 𝜎1 = 𝜎3

Generalized Heisenberg group:
𝐻 𝑝, 𝑛 = ⟨𝜎1 , … , 𝜎𝑛 ∶ 𝜎𝑖 , 𝜎1 = 𝜎𝑖+1(2 ≤ 𝑖 < 𝑛)⟩

These 𝐻 𝑝, 𝑛  groups appear in [Jam80] as 
Φ2 13 ,  Φ3 14 ,  Φ9 15 , and Φ35 16 .



Groups of order 𝑝5 and 𝑝6 (𝑝 ≥ 7) with maximal class [Jam80]:
Φ9 15  = 𝜎1, … , 𝜎5 : 𝜎𝑖 , 𝜎1 = 𝜎𝑖+1 (2 ≤ 𝑖 ≤ 4)

Φ10 15 = ⟨𝜎1, … , 𝜎5 ∶ 𝜎𝑖 , 𝜎1 = 𝜎𝑖+1, 𝜎2, 𝜎3 = 𝜎5 (2 ≤ 𝑖 ≤ 4)⟩

Φ35 16 = 𝜎1, … , 𝜎6 : 𝜎𝑖 , 𝜎1 = 𝜎𝑖+1 (2 ≤ 𝑖 ≤ 5)

Φ36 16 = 𝜎1, … , 𝜎6 : 𝜎𝑖 , 𝜎1 = 𝜎𝑖+1, 𝜎2, 𝜎3 = 𝜎6 (2 ≤ 𝑖 ≤ 5)

Φ37 16 = 𝜎1, … , 𝜎6 : 𝜎𝑖 , 𝜎1 = 𝜎𝑖+1, 𝜎3, 𝜎4 = 𝜎4, 𝜎2 = 𝜎5, 𝜎2 = 𝜎6 (2 ≤ 𝑖 ≤ 4)

Φ38 16 = 𝜎1, … , 𝜎6 : 𝜎𝑖 , 𝜎1 = 𝜎𝑖+1, 𝜎2, 𝜎3 = 𝜎5
−1𝜎6, 𝜎2, 𝜎4 = 𝜎6 (2 ≤ 𝑖 ≤ 5)

Φ39 16 = 𝜎1, … , 𝜎6 : 𝜎𝑖 , 𝜎1 = 𝜎𝑖+1, 𝜎3, 𝜎4 = 𝜎4, 𝜎2 = 𝜎5, 𝜎2 = 𝜎6, 𝜎2, 𝜎3 = 𝜎5 (2 ≤ 𝑖 ≤ 4) ∗

Since 𝑝 ≥ 7, each generator has order 𝑝.

4/23

Groups of Interest



James published The Groups of Order 𝑝6(𝑝 an odd prime) in 1980, 
with 
Φ39 16 = 𝜎1, … , 𝜎6 : 𝜎𝑖 , 𝜎1 = 𝜎𝑖+1, 𝜎3, 𝜎4 = 𝜎4, 𝜎2 = 𝜎5, 𝜎2 = 𝜎6, 𝜎2, 𝜎3 = 𝜎5 (2 ≤ 𝑖 ≤ 4)
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Groups of Interest

Newman et. al. published Presentations for Groups of Order 𝑝6 for 
𝑝 ≥ 7 in 2023, with

Φ39 16 = 𝜎1, … , 𝜎6 : 𝜎𝑖 , 𝜎1 = 𝜎𝑖+1, 𝜎3, 𝜎4 = 𝜎4, 𝜎2 = 𝜎2, 𝜎5 = 𝜎6, 𝜎2, 𝜎3 = 𝜎5 (2 ≤ 𝑖 ≤ 4)

This has a slight effect on my presentation of Φ39(16) as a Galois 
group.
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Groups of Interest

• Φ9 15 = 𝐻(𝑝, 5)

• Φ10 15 / 𝜎5 ≈ 𝐻(𝑝, 4)

• Φ35 16 = 𝐻 𝑝, 6  

• Φ36 16 / 𝜎6 ≈ Φ9 15

• Φ37 16 / 𝜎6 ≈ Φ9 15

• Φ38 16 / 𝜎6 ≈ Φ10 15

• Φ39 16 / 𝜎6 ≈ Φ10 15 .

Φ9 15

Φ10 15

Φ36 16

Φ38 16

Φ37 16

Φ39 16

Φ35 16

Φ3 14



Artin-Schreier Theory

Let 𝐺 = 𝐺𝑎𝑙(𝑁/𝐾), where 𝑁 has characteristic 𝑝, and denote 
℘ 𝑥 = 𝑥𝑝 − 𝑥. Consider an extension 𝑀/𝐾 with degree 𝑛 and an 
elementary abelian Galois group:

𝐺𝑎𝑙 𝑀/𝐾 = 𝜎1 , … , 𝜎𝑛: 𝜎𝑖 ∈ 𝐺, 𝜎𝑖
𝑝

= 1 ≈ 𝐶𝑝
𝑛
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• Then 𝑀 = 𝐾(𝛼1 , … , 𝛼𝑛) where 𝛼𝑖 satisfy the irreducible Artin-
Schreier polynomials ℘ 𝛼𝑖 = 𝛽𝑖 for 𝛽𝑖 ∈ 𝐾.

• Also, 𝜎𝑖 − 1 𝛼𝑗 = 0 for 𝑖 ≠ 𝑗 and WLOG 𝜎𝑖 − 1 𝛼𝑖 = 1. So, we 

say 𝜎𝑖 − 1 𝛼𝑗 = 𝛿𝑖𝑗 .



Generalized Heisenberg group
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Let 𝐺 = 𝐻 𝑝, 𝑛 = 𝐺𝑎𝑙 𝑁/𝐾 . Notice 𝐺/⟨𝜎𝑛⟩ ≈ 𝐶𝑝
𝑛−1, so 𝑁𝜎𝑛  is a 

Galois extension, which we call 𝑀. Then 𝑀 = 𝐾(𝛼1) and 

 

• 𝜎1 − 1 𝛼1 = 1, 𝜎𝑖 − 1 𝛼𝑗 = 𝛿𝑖𝑗 , 𝜎𝑖 − 1 𝛼1 = 0 (𝑖, 𝑗 ∈ 2, … , 𝑛 )

• ℘ 𝛼1 = 𝛾1 ∈ 𝐾, ℘ 𝛼𝑖 = 𝛽𝑖 ∈ 𝑀 (𝑖 ∈ 2, … , 𝑛 )

We want to find 𝜎1 − 1 𝛼𝑖 , then write ℘(𝛼𝑖) in terms of constants 
in 𝐾.



Generalized Heisenberg group
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Group actions:
𝜎1 − 1 𝛼𝑖 = 𝛼𝑖−1 3 ≤ 𝑖 ≤ 𝑛

𝜎𝑖 − 1 𝛼𝑗 = 𝛿𝑖𝑗 𝑖, 𝑗 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Artin-Schreier polynomials: 

℘ 𝛼1 = 𝛾1 ∈ 𝐾

℘ 𝛼𝑖 = ෍

𝑚=0

𝑖−2

𝛾𝑖−𝑚

𝛼1

𝑚
, 𝛾𝑖 ∈ 𝐾 (2 ≤ 𝑖 ≤ 𝑛)



Using Additive Hilbert’s Theorem 90

10/23

Let 𝑁/𝐾 be a Galois extension with 𝐺𝑎𝑙 𝑁/𝐾 = 𝐺 and 𝐻 normal in 𝐺. Set 𝑀 =
𝑁𝐻  and consider the generators of 𝑁/𝑀, namely 𝛼1 , … , 𝛼𝑘 such that 𝑁 =
𝑀(𝛼1 , … , 𝛼𝑘) for some 𝑘. Given 𝜎 ∈ 𝐺/𝐻 and some 𝛼𝑖, then 𝜎 − 1 𝛼𝑖 = 𝐴 ∈
 𝑁 and 𝑀/𝑀𝜎 is a cyclic extension. 

Consider 𝐵 ∈  𝑁 such that 𝐴 − 𝐵 ∈  𝑀. Then by AHT90, if Tr𝑀/𝑀𝜎(𝐴 − 𝐵) = 0, 
there is some 𝛼𝑖

′ ∈  𝑁 such that 
• 𝜏 − 1 𝛼𝑖 = 𝜏 − 1 𝛼𝑖 ′ for all 𝜏 ∈  𝐻, 
• ℘ 𝛼𝑖

′ ∈ 𝐿 when ℘ 𝛼𝑖 ∈ 𝐿

Then we can replace the generator 𝛼𝑖  with 𝛼𝑖 ′ and 𝜎 − 1 𝛼𝑖′ = 𝐵. Also, we 
maintain previous group actions. 



Example: Classifying 𝚽𝟑𝟔 𝟏𝟔
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Let G = Φ36 16 = 𝜎1 , … , 𝜎6 : 𝜎𝑖 , 𝜎1 = 𝜎𝑖+1 , 𝜎2 , 𝜎3 = 𝜎6 =
𝐺𝑎𝑙(𝑁/𝐾) for 2 ≤ 𝑖 ≤ 5. Notice 𝜎3 , … , 𝜎6 ≈ 𝐶𝑝

4 and normal in 𝐺, so 
𝐺/ 𝜎3 , … , 𝜎6  is a Galois group. Let 𝑀 = 𝑁 𝜎3 ,…,𝜎6  and construct the 
A-S polynomials:

℘ 𝛼𝑖 ∈  M 3 ≤  i ≤  6 , ℘(𝛼𝑖) = 𝛾i ∈  K (1 ≤  i ≤  2)

With the following group actions: 

𝜎𝑖 − 1 𝛼𝑖 = 0 3 ≤ 𝑖 ≤ 6, 1 ≤ 𝑗 ≤ 2
𝜎𝑖 − 1 𝛼𝑗 = 𝛿𝑖𝑗  𝑖, 𝑗 ∈ 1,2  𝑜𝑟 𝑖, 𝑗 ∈ {3, … , 6}



Example: Classifying 𝚽𝟑𝟔 𝟏𝟔
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Since 𝐺/ 𝜎6 ≈ Φ9 15 = 𝐻(𝑝, 5), we have the following group 
actions and polynomials:

𝜎1 − 1 𝛼𝑖 = 𝛼𝑖−1 3 ≤ 𝑖 ≤ 5
𝜎𝑖 − 1 𝛼𝑗 = 𝛿𝑖𝑗 𝑖, 𝑗 ∈ 1, … 5  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

℘ 𝛼1 = 𝛾1 ∈ 𝐾

℘ 𝛼𝑖 = ෍

𝑚=0

𝑖−2

𝛾𝑖−𝑚

𝛼1

𝑚
, 𝛾𝑖 ∈ 𝐾 (2 ≤ 𝑖 ≤ 5)



Example: Classifying 𝚽𝟑𝟔 𝟏𝟔
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Group Actions: 𝜎2 on 𝛼6

• Let 𝜎2 − 1 𝛼6 = 𝐴2. Since 𝜎4 , 𝜎5 , 𝜎6 commute with 𝜎2, 𝐴2 ∈ 𝑁 𝜎4,𝜎5,𝜎6

• Apply 𝜎2 , 𝜎3 = 𝜎6 to 𝛼6 to get 𝜎3 − 1 𝐴2 + 𝛼3 = 0

• Since 𝛼3 ∈ 𝑁 𝜎4,𝜎5 ,𝜎6 , we have 𝐴2 + 𝛼3 ∈ 𝑁 𝜎3 ,𝜎4,𝜎4,𝜎6 = 𝑀

• Notice Tr𝑀/𝑀𝜎2 𝐴2 + 𝛼3 = 0. By AHT90 𝜎2 − 1 𝛼6 = −𝛼3



Example: Classifying 𝚽𝟑𝟔 𝟏𝟔
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Group Actions: 𝜎1 on 𝛼6

• Let 𝜎1 − 1 𝛼6 = 𝐴1. Since 𝜎1, 𝜎6 = 1, 𝐴1 ∈ 𝑁𝜎6

• Apply 𝜎5, 𝜎1 = 𝜎6 to 𝛼6 to get 𝜎5 − 1 𝐴1 − 𝛼5 = 0

• Since 𝛼5 ∈ 𝑁𝜎6 , 𝐴1 − 𝛼5 ∈ 𝑁⟨𝜎5,𝜎6⟩

• Apply 𝜎4, 𝜎1 = 𝜎5 and 𝜎3, 𝜎1 = 𝜎4 to 𝛼6. Since 𝛼6 ∈ 𝑁 𝜎3,𝜎4,𝜎5 , 𝐴1 ∈ 𝑁⟨𝜎3 ,𝜎4⟩

• Since 𝛼5 ∈ 𝑁⟨𝜎3 ,𝜎4⟩, 𝐴1 − 𝛼5 ∈ 𝑁 ⟨𝜎3,𝜎4,𝜎5,𝜎6⟩

• Apply 𝜎2, 𝜎1 = 𝜎3 to 𝛼6 to get 𝜎2 − 1 𝐴1 + 𝛼2
2

= 0

• Since 𝛼2 ∈ 𝑁⟨𝜎3 ,𝜎4,𝜎5,𝜎6⟩ and 𝛼5 ∈ 𝑁⟨𝜎2⟩, 𝐴1 − 𝛼5 + 𝛼2
2

∈ 𝑁 𝜎2,𝜎3,𝜎4,𝜎5,𝜎6 = 𝐾(𝛼1)

• Notice Tr𝐾(𝛼1)/𝐾 𝐴1 − 𝛼5 + 𝛼2
2

= 0. By AHT90, 𝜎1 − 1 𝛼6 = 𝛼5 − 𝛼2
2



Example: Classifying 𝚽𝟑𝟔 𝟏𝟔
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Artin-Schreier Polynomials: ℘ 𝛼6

•  ℘ is a linear map that commutes with every generator, so

• Since 𝜎1 − 1 𝛼1
𝑘

= 𝛼1
𝑘−1

 and 𝜎1 fixes 𝛼2, 

• Next, compute (𝜎2 − 1) of the above element:



Example: Classifying 𝚽𝟑𝟔 𝟏𝟔
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Artin-Schreier Polynomials: ℘ 𝛼6

• 𝜎1 and 𝜎2 fix an element in 𝑀, so this element equals some 𝛾6 ∈ 𝐾:

• This gives us our remaining Artin-Schreier polynomial:

℘ 𝛼6 = ෍

𝑚=0

4

𝛾6−𝑚

𝛼1

𝑚
+

𝛾2

2
𝛼1 + 𝛾2𝛼2𝛼1 + 𝛾3𝛼2 ∶ 𝛾𝑖 ∈ 𝐾



Overview
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• Φ37(16) is very similar to Φ36(16), except 𝜎3 , … , 𝜎6  is not normal 
in Φ37 16 , while 𝜎4 , 𝜎5 , 𝜎6  is

• Φ38(16) and Φ39(16) are similar to Φ36(16) and Φ37 16 , 
respectively, except Φ36 16 / 𝜎6 ≈ Φ37 16 / 𝜎6 ≈ Φ9 15 , while 
Φ38 16 / 𝜎6 ≈ Φ39 16 / 𝜎6 ≈ Φ10 15

• Since Φ38 16  and Φ39 16  both require Φ10 15 , so we need one 
more classification



Classifying 𝚽𝟏𝟎 𝟏𝟓

18/23

Let G = Φ10 15 = ⟨𝜎1, … , 𝜎5 ∶ 𝜎𝑖, 𝜎1 = 𝜎𝑖+1, 𝜎2, 𝜎3 = 𝜎5⟩ = 𝐺𝑎𝑙(𝑁/𝐾) for 
2 ≤ 𝑖 ≤ 4. Notice 𝜎3, 𝜎4, 𝜎5 ≈ 𝐶𝑝

3 and normal in 𝐺, so 𝐺/ 𝜎3, 𝜎4, 𝜎5  is a 
Galois group. Let 𝑀 = 𝑁 𝜎3,𝜎4,𝜎5  and construct the A-S polynomials:

℘ 𝛼𝑖 ∈  M 3 ≤  i ≤ 5 , ℘(𝛼𝑖) = 𝛾i ∈  K (1 ≤  i ≤  2)

With the following group actions: 
𝜎𝑖 − 1 𝛼𝑖 = 0 3 ≤ 𝑖 ≤ 5 1 ≤ 𝑗 ≤ 2

𝜎𝑖 − 1 𝛼𝑗 = 𝛿𝑖𝑗 𝑖, 𝑗 ∈ 1,2  𝑜𝑟 𝑖, 𝑗 ∈ {3, … , 5}

Since 𝐺/ 𝜎5 ≈ 𝐻(𝑝, 4), we have additional group actions and 
polynomials.



Classifying 𝚽𝟏𝟎 𝟏𝟓
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Group actions:  

𝜎1 − 1 𝛼5 = 𝛼4 − 𝛼2
2

 𝜎1 − 1 𝛼𝑖 = 𝛼𝑖−1 3 ≤ 𝑖 ≤ 4  

𝜎2 − 1 𝛼5 = −𝛼3 𝜎𝑖 − 1 𝛼𝑗 = 𝛿𝑖𝑗 𝑖, 𝑗 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Artin-Schreier polynomials: 
℘ 𝛼1 = 𝛾1 ∈ 𝐾

℘ 𝛼𝑖 = ෍
𝑚=0

𝑖−2

𝛾𝑖−𝑚

𝛼1

𝑚
, 2 ≤ 𝑖 ≤ 𝑛

℘ 𝛼5 = ෍

𝑚=0

3

𝛾5−𝑚

𝛼1

𝑚
−

𝛼2

2
𝛼1 − 𝛾2𝛼1𝛼2 − 𝛾3𝛼2
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Φ36 16 : Φ37 16 : Φ38 16 : Φ39 16 :

Comparing Group Actions of 𝒑𝟔 Galois groups
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Comparing A-S Polynomials of 𝒑𝟔 Galois groups

Φ36 16 :

Φ37 16 :

Φ38 16 :

Φ39 16 :



Next steps
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• Simplify polynomials

• Find connections between Galois group presentations

• Find explicit relation between commutators and group actions
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Thank you for your attention!
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